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Let N be an imaginary cyclic number field of degree 2n. When n=3 or
n=2m2, the fields N with class numbers equal to their genus class numbers and
the fields N with relative class numbers less than or equal to 4 are completely
determined [10, 13, 26, 27]. Now assume that n5 and n is not a 2-power. In this
paper, first we determine all imaginary cyclic number fields of degree 2n with
relative class numbers less than or equal to 4. Second, we determine all imaginary
cyclic number fields of degree 2n with class numbers equal to their genus class
numbers.  1998 Academic Press
1. INTRODUCTION
Let N be an imaginary abelian number field and let N+ be its maximal
real subfield. We know that the class number hN of N is divisible by hN+ ,
that of N+ . The ratio hN hN+ is called the relative class number of N,
which is denoted by h&N . It is known that h
&
N goes to the infinity as fN , the
conductor N, approaches to the infinity. Thus there exist only finitely many
imaginary abelian number fields with given relative class number.
Throughout this paper l is an odd prime number and n is an integer such
that n5 and n is not a 2-power. From now on we shall consider only the
imaginary cyclic number fields of degree 2n. The first goal of this paper is
to determine all imaginary cyclic number fields with relative class numbers
less than or equal to 4:
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Theorem 1. Assume that n5 and n is not a 2-power.
(1) There are exactly fourteen imaginary cyclic number fields of
degree 2n with relative class number 1. Their degrees are less than or equal
to 20 and their conductors are less than or equal to 91.
(2) There is only one imaginary cyclic number field of degree 2n with
relative class number 2. Its degree is equal to 10 and its conductor is equal
to 75.
(3) There are exactly two imaginary cyclic number fields of degree 2n
with relative class number 3. Their degrees are less than or equal to 22 and
their conductors are less than or equal to 31.
(4) There are exactly three imaginary number fields of degree 2n with
relative class number 4. Their degrees are less than or equal to 12 and their
conductors are less than or equal to 91.
These fields are listed in Table I.
This theorem is useful to solve relative class number one problem.
According to Theorem 1, [25] (or Theorem 1, [4]), if MN are two
CM-fields then h&M divides 4h
&
N . Hence, if M is an imaginary abelian
subfield of a CM-field N of relative class number one then h&M=1, 2 or 4.
The narrow genus field GN of N is the maximal abelian number field con-
taining N and unramified above N at all finite places. The degree [GN : N]
is called the genus class number of N and is denoted by gN . Since N is
imaginary, GN is an imaginary abelian field and GNN is unramified at all
places. Thus gN divides hN . Moreover, it is well known that gN=
1[N : Q] >p ep , where ep is the ramification index of p in N (see Ch. 3,
[30]). In [17], Louboutin has proved that there are only finitely many
imaginary abelian number fields with class numbers equal to their genus
class numbers and that an upper bound on their conductors can be effec-
tively computed. The second goal of this paper is to determine all
imaginary cyclic number fields of degree 2n such that their class numbers
are equal to their genus class numbers.
Theorem 2. Assume that n5 and n is not a 2-power. There are 15
imaginary cyclic number fields of degree 2n with class numbers equal to their
genus class numbers. Their conductors are less than or equal to 91, their class
numbers are less than or equal to 3, and their degrees are less than or equal
to 20. These fields are listed in Table II.
In order to prove Theorems 1 and 2 we shall consider the imaginary
cyclic number fields N separately according to the degrees [N : Q].
Namely, we proceed as follows: In Section 2, we review a few standard
facts on CM-fields and genus fields of abelian number fields. Section 3 is
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TABLE I
The Fields with h&N 4
[N : Q] h&N fN fN+ f2 hN+ h2 N
10 1 11 11 11 1 1 Q(‘11)
1 33 11 3 1 1
1 44 11 4 1 1
2 75 52 15 1 2
3 31 31 31 1 3
4 55 11 55 1 4
14 1 43 43 43 1 1
1 49 49 7 1 1
22 3 23 23 23 1 3 Q(‘23)
18 1 27 27 3 1 1 Q(‘27)
1 19 19 19 1 1 Q(‘19)
[N : Q] h&N fN fN+ f4 f2 fl h
&
4 hN+ N
12 1 13 13 13 13 13 1 1 Q(‘13)
1 35 35 5 5 7 1 1
1 37 37 37 37 37 1 1
1 45 45 5 5 9 1 1
1 61 61 61 61 61 1 1
1 91 91 13 13 91 1 3 /413/
2
7 , /
3
13
4 65 65 5 5 13 1 1
4 91 91 13 13 7 1 1
20 1 25 25 5 5 25 1 1 Q(‘25)
Note. For an odd prime l, /l denotes a primitive character
of conductor l and order l&1. Here /13(2)=e2i?12,
/7(3)=e2i?6
devoted to the imaginary cyclic number fields of degree 2li with l an odd
prime number and i1. Section 4 and Section 5 contain the results on the
fields of degrees 2ilj, i2, j1; Finally, in Section 6 we consider the fields
of degrees 2im such that i1 and m has at least two distinct prime divisors.
In each section our computations consist of six steps: First, we establish
lower bounds on the relative class numbers in terms of the conductors.
From these lower bounds on the relative class numbers we obtain upper
bounds on the conductors of the fields such that the relative class numbers
are less than or equal to 4. Second, we make a finite list of possible conduc-
tors less than or equal to these bounds and compute the relative class
numbers of these fields using generalized Bernoulli numbers. Third, using
lower bounds on relative class numbers obtained in the first step we show
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TABLE II
The Fields with hN= gN
[N : Q] fN fN+ f2 hN+ h
&
N gN N
10 11 11 11 1 1 1 Q(‘11)
33 11 3 1 1 1
44 11 4 1 1 1
75 25 15 1 2 2
14 43 43 43 1 1 1
49 49 7 1 1 1
18 27 27 3 1 1 1 Q(‘27)
19 19 19 1 1 1 Q(‘19)
[N : Q] fN fN+ fl f4 f2 hN+ h
&
N gN N
12 13 13 13 13 13 1 1 1 Q(‘13)
35 35 7 5 5 1 1 1
37 37 37 37 37 1 1 1
45 45 9 5 5 1 1 1
61 61 61 61 61 1 1 1
91 91 91 13 13 3 1 3 /413/
2
7 , /
3
13
20 25 25 25 5 5 1 1 1 Q(‘25)
that relative class numbers of imaginary cyclic fields of given degree with
class numbers equal to their genus class numbers cannot be too large.
Fourth, we obtain upper bounds on the conductors of these fields with
class numbers equal to their genus class number fields. Fifth, we compute
relative class numbers of the fields of conductors less than or equal to these
upper bounds. Finally, we compute class numbers of the maximal real sub-
fields. The following standard notation will be used throughout this paper.
For any abelian number field K, we let fK , hK , dK , |K , ‘K , GK and gK be
the conductor, the class number, the absolute value of the discriminant, the
number of roots of unity in K, the Dedekind zeta function, the narrow
genus field, and the genus class number of K, respectively. When K is a
cyclic number field of degree n, we let /K denote any one of the primitive
Dirichlet characters of order n associated with K.
2. PRELIMINARIES
In this section we recall the well-known facts concerning CM-fields and
genus fields of abelian number fields which will be used frequently in the
sequel.
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Theorem 3. Let K be a CM-field of degree 2n, K+ the maximal totally
real subfield of K.
(1) We have
h&K =
QK|K
(2?)n 
dK
dK+
Ress=1(‘K)
Ress=1(‘K+)
,
where QK is the Hasse unit index of K.
(2) If K is an abelian number field, then
h&K =QK |K ‘
/ odd
(&12B1, /),
where B1, /=1 f/  f/a=1 /(a) a.
(3) If K is imaginary cyclic, then QK=1.
Proof. For (1) see Chapter 4 in [30]. For (2) see Theorem 4.17 in
[30]. For (3) see Satz 24 in [3]. K
Proposition 1. (1) For a primitive even Dirichlet character / of
conductor f/>1, we have
|L(1, /)|< 12 (log f/+c),
where c=2+#&log(4?), # is Euler’s constant.
(2) Let K be a CM-field of degree 2n.
(a) The fact that ; # [1&2log dK , 1[ and ‘K (;)0 implies
Ress=1(‘K)
=K
e
(1&;),
where =K=max(1&2?ne1nd12nK , 25 exp(&2?nd
12n
K )).
(b) In particular, when K is an imaginary abelian number field of
degree 2n, the fact that ; # [1&2log dK , 1[ and ‘K (;)0 implies
Ress=1(‘K)
’K
e
(1&;),
where ’K=max(1&2?ne1n- fK , 25 exp(&2?n- fK )).
(3) Set c=2+#&log 4?<0.05. Let N be an imaginary cyclic field of
degree 2n divisible by 4 and let F denote the quadratic subfield of N.
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(a) F is real and
h&N 
=N|N
?e
- dN dN+
(?(log fN++c))
n&1 log dN
.
(b) If 0<s<1 implies ‘F (;)0, then
h&N 
2’N|N
e(2?)n
- dN dN+
log dN Ress=1(‘N+)
.
(4) (a) There exists a constant +k>0 such that for any abelian
extension Kk of degree m unramified at all the infinite places we have
Ress=1(‘K)(Ress=1(‘k))m \ 12(m&1) log \
dK
dmk ++2+k+
m&1
.
(b) If k is a real abelian number field of degree n2 and conductor
fk , then
+k Ress=1(‘k)
n&1
2n+1
(log fk+2+Q )n,
where +Q =(2+#&log(4?))2.
(5) Let N be a cyclic number field of degree 2n2 and let k be the
quadratic subfield of N. Then s # ]0, 1[ and ‘k(s)0 imply ‘N(s)0.
(6) Let N be a non-quadratic imaginary cyclic number field of 2-power
degree, k the real quadratic subfield of N. If hN= gN or h&N 4, then
‘k(s)0 for s # ]0, 1[.
Proof. (1) See [11]. (2.a) See Proposition A in [12] or Proposition 9
in [7]. (2.b) It is sufficient to notice that dK f nK and =K’K ([22]).
(3.a) follows readily from Section 3.1 of [18]. (3.b) It is clear from (2.b)
and (5) below. (4) See Theorem 1, Corollary 2 and Theorem 11 in [15].
(5) It is sufficient to recall that ‘N ‘k is a product of L-functions which
come in conjugate pairs. (6) According to [13] and [27], if hN= gN or
h&N 4, then fk221. We verify numerically that if fk221, then ‘k(s)0
for s # ]0, 1[. K
Proposition 2. (1) Let K/L be two CM-fields such that [L : K] is
odd. Then h&K divides h
&
L .
(2) Let K be an imaginary abelian number field of degree 2n with
maximal and subfield K+ . Let t denote the number of rational primes p such
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that all prime ideals of K+ above p are ramified in the quadratic extension
KK+ . If hN= gN , then h&N =2
t&1+=, where ==0 or 1 according as the
narrow genus field of K+ is real or imaginary.
(3) Let F be an abelian number field. If hF= gF , then for any subfield
K of F we also have hK= gK .
Proof. For (1) see Theorem 5 in [8] or Corollary 1 in [5]. For (2) see
Lemma 2 in [13]. For (3) see Lemma 1 in [20]. K
3. THE IMAGINARY CYCLIC NUMBER FIELDS OF DEGREE 2LI
In this section we shall deal with the imaginary cyclic number fields of
degree 2li, i1. This section is divided into three subsections: Section 3.1
contains the results on the imaginary cyclic number fields of degree 2l,
l5. In Section 3.2 we consider the imaginary cyclic number fields of
degree 2l2. Finally, we prove in Section 3.3 that there is no imaginary cyclic
number field of degree 2li, i3, with relative class number 4 or with
class number equal to its genus class number. In view of Proposition 2, the
results on the fields of degree 2l obtained in Section 3.1 allow us better
lower bounds on the relative class number of the fields of degree 2l2.
3.1. The Imaginary Cyclic Number Fields of Degree 2l for l5
In this subsection we assume l5. Let N be an imaginary cyclic number
field of degree 2l, N+ its maximal real subfield, and let k be the imaginary
quadratic subfield of N. We recall basic properties of cyclic number fields
of degrees l and 2l.
Proposition 3. Let K be a cyclic number field of degree l.
(i) The conductor fK can be written as
fK= ‘
s
i=1
pi ,
where pi=l2 or pi is a prime number equal to 1 modulo 2l.
(ii) For a given conductor fK there are (l&1)s&1 cyclic number fields
of degree l.
(iii) If s=1, then hK #1 mod l. If s2, then ls&1 divides hK .
Proof. (i) and (ii) are trivial. (iii) follows from ambiguous class formula
Theorem 4.1 in [2]. K
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Proposition 4. Let N be an imaginary cyclic number field of degree 2l,
N+ its real subfield of degree l and k its quadratic subfield. Then we have
/N=/N+ /k , fN=lcm( fN+ , fk) and gN=2
r&1ls&1,
where r and s are the numbers of prime divisors of fk and fN+ , respectively.
By the class number formula we have
h&N =
|N
(2?) l 
dN
dN+
Ress=1(‘N)
Ress=1(‘N+)
.
In order to obtain lower bound on h&N we need lower bound on Ress=1(‘N)
and upper bound on Ress=1(‘N+). To get upper bound on Ress=1(‘N+) we
use Proposition 1.(1). Namely, we have
Ress=1(‘N+)(
1
2(log fN++c))
l&1.
On the other hand we shall use Proposition 1.(2) to obtain good lower
bounds on Ress=1(‘N). Before proceeding, let us recall the determination of
all the imaginary quadratic number fields with class numbers less than or
equal to 4, because Proposition 2 tells that h&N 4 implies hk4. There are
exactly 97 imaginary quadratic fields with class numbers less than or equal
to 4 and their conductors are less than or equal to 1555 (see [1, 24, 28, and
29]). Furthermore, in [19] the following is proved:
Theorem 4. Let / be an odd quadratic Dirichlet character of conductor
f. If f593000, then L(s, /)>0 for s>0.
According to Theorem 4 and Proposition 1, points (2) and (5), if hk4,
then we have
Ress=1(‘N)
=N
e
2
log dN
.
We are now able to prove
Theorem 5. Let N be an imaginary cyclic number field of degree 2l, and
conductor fN . If h&k 4, then h
&
N satisfies
h&N 
2 - 7 ’N
?le
f (l&1)2N
(2l&1)(log fN+c) l
.
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In particular,
if l=5 and h&N 4, then fN30000;
if l=7 and h&N 4, then fN10000;
if l=11 and h&N 4, then fN4500;
if l=13 and h&N 4, then fN3300;
if l17 and h&N 4, then fN2300.
Proof. It suffices to notice the following facts:
fN=lcm( fN+ , fk), f
l
NdN f
2l&1
N , dNdN+= f
l&1
N+
fk ,
and |N - fk 2 - 7. K
To evaluate explicitly h&N we use Theorem 3.(2) and get
h&N =
|N
|k
hkNQ(‘l)Q \&12 B1, /N+ .
We explain now how to find all imaginary cyclic number fields of degree
2l with relative class numbers less than or equal to 4. We fix k any one of
the 97 imaginary quadratic fields with class number 4 and find all
possible cyclic real fields N+ of degree l such that the conductors of the
composita N=kN+ are less than or equal to the upper bounds found in
Theorem 5. In order to make a list of cyclic fields of degree 2l we repeat
this procedure for every imaginary quadratic field with class number 4.
There are 4969 cyclic number fields N+ of degree 5 with conductors
30000; 690 fields N+ of degree 7 with conductors 10000; 203 fields N+
of degree 11 with conductors 4500; 85 fields N+ of degree 13 with con-
ductors 3300; 236 fields N+ of degree 17 with conductors 2300. For
these 6183 fields N+ we have made the composita N=N+k with the
corresponding quadratic fields k and computed the relative class numbers.
Our computational results are compiled in Table I.
We now look for the fields of degree 2l for l5 with class numbers equal
to their genus class numbers. Note that Louboutin has determined all
imaginary sextic number fields with class numbers equal to their genus
class numbers; there are 32 fields (see [10]). In addition, he has proved
Proposition 5. Let N be an imaginary cyclic number field of degree 2l,
k its imaginary quadratic subfield and rk the number of prime divisors of fk .
(1) If hN= gN , then h&N =2
rk&1= gk=hk . In particular, if N is not a
cyclotomic field and if hN= gN , then NQ(‘l )Q(&
1
2B1, /N)=1.
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(2) If fN50, then
h&N hk \ - fN120 log( fN ?)+
l&1
.
Consequently, if hN= gN , then fN3 } 106.
Proof. (1) See Proposition 3 in [10]. (2) See Proposition 5 in [16], (1)
and (2) in [14]. K
We find that this upper bound on fN3 } 106 is somewhat large to carry
out the computation. Now we try to reduce this bound according to the
idea of Louboutin in [10]: From Proposition 5
hN= gN implies fk fN3 } 106.
We verify that are exactly 65 imaginary quadratic number fields such that
hk= gk and fk3 } 106. Their conductors are less than or equal to 5460.
From Theorem 4 and Proposition 1.(2) we can conclude that if hN= gN ,
then ‘N(s)0 for 0<s<1, and
h&N 
’N|N
e?l
- fk f (l&1)2N
(2l&1)(log fN+c)l
.
Since h&N =hk= gk and 2
rk&1|k - fk - 15, we obtain
Theorem 6. Let N be an imaginary cyclic number field of conductor fN
and degree 2l. If hN= gN , then we have
1’N
- 15
e? l (2l&1)
f (l&1)2N
(log fN+c) l
.
In particular,
if l=5, then fN17000;
if l=7, then fN7000;
if l11, then fN3400.
Our computations are carried out in the similar way as above: There are
2193 imaginary cyclic number fields N of degree 10 with conductor
17000 such that their quadratic subfields k satisfy hk= gk ; 392 fields N
of degree 14 with conductors 7000; 554 fields N of degree 22 with con-
ductor 3400. Among these 3139 fields N, we select the fields N of degree
2l and conductor fN for which we have h&N = gk=hk :
(l, fN) # [(5, 11), (5, 33), (5, 44), (5, 55), (5, 75), (7, 49), (7, 43)].
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For these seven fields we verify whether hN= gN or not. Note that the class
numbers of these real cyclic fields of degree 5 and 7 are already known by
[6] and [23]. The results are summarized in Table II.
3.2. The Imaginary Cyclic Number Fields of Degree 2l2
In this subsection we let N be an imaginary cyclic number field of degree
2l2, M its imaginary abelian subfield of degree 2l and k its quadratic sub-
field. We recall:
Proposition 6. Let K be a cyclic number field of degree l2 and let Ko be
its subfield of degree l.
(i) The conductor fK of K can be written as
fK= ‘
s
i=1
p i ‘
t
j=1
qj , fKo=l
= ‘
s
i=1
pi , s1, and t0,
where p$i s and q$j s are all distinct, pi is l3 or a prime number equal to 1
modulo 2l2, q j is l2 or a prime number equal to 1 modulo 2l, and ==&1 or
0 according as l3 divides > pi or not.
(ii) For a given conductor fN , there are ls&1(l&1)s+t&1 cyclic num-
ber fields of degree l2.
(iii) The class number hKo of Ko divides hK . If s=1, then l |% hK .
Proof. (i) and (ii) are obvious. For (iii), see Theorem 10.4 in [30]. K
According to Proposition 6, the cyclic field of degree 11 and conductor 23
can not be embedded in a cyclic field of degree 121. Therefore we conclude
that there is no imaginary cyclic number field of degree 2l2 for l11 with
relative class number less than or equal to 4. By a similar argument as in the
previous subsection we get lower bounds on the relative class number:
Theorem 7. Let N be an imaginary cyclic number field of degree 2l2 and
conductor fN , M the subfield of degree 2l and k the quadratic subfield.
(1) If h&k 4, then l7 and
h&N 
’N2 - 7
?l2e
f l(l&1)2N
(2l2&1)(log fN+c) l
2
.
In particular,
if l=3 and h&N 4, then f
&
N 200000;
if l=5 and h&N 4, then f
&
N 10000;
if l=7 and h&N 4, then f
&
N 3500.
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(2) h&N =(|N|M) h
&
M NQ(‘l2)Q(&
1
2B1, /N).
When l=3, the upper bound on conductors are somewhat large, so we
reduce this upper bound. For this purpose we reduce the upper bounds on
Ress=1(‘N+) using a recent result of [15]. By Proposition 1.(4) and since
dN+ d
3
M+
= f 6N+  f
4
M+
 f 6N  f
4
M+
we have
Ress=1(‘N+)Ress=1(‘M+) _\Ress=1(‘M+) \32 log fN&log fM+ +
+2Ress=1(‘M+) +M+ +
2
.
We now need to make a list of cyclic cubic fields which can be embedded in
one of the imaginary cyclic sextic fields with relative class number 4 and at
the same time which can be embedded in a cyclic field of degree 9: There are
10 such cubic fields and their conductors are 9, 19, 37, 73, 109, 127, 163, 171
(=32 } 17), 333 (=32 } 37) and 657 (=32 } 73). For theses 10 cubic fields we
compute Ress=1(‘M+) and Ress=1(‘M+) +M+ . We obtain the following:
Proposition 7. Let N be an imaginary cyclic number field of degree 18
and conductor fN . If h&N 4, then fN8000.
Before evaluating relative class numbers let us make a list of imaginary
cyclic number fields of degree 2l2 such that their conductors are less than
or equal to the upper bounds found in Theorem 7 and Proposition 7. We
fix M a subfield of degree 2l such that h&M4. For this fixed field M we find
all possible conductors fN+ and fN . The field M of degree 2l runs through
all imaginary cyclic number fields with relative class numbers less than or
equal to 4, which are determined in the preceding section. In summary, we
find: there are 619 imaginary cyclic number fields of degree 18 with conduc-
tor 8000; 5 fields of degree 50 with conductor 10000; 1 field of degree
98 with conductor 3500. We compute the relative class numbers for these
625 fields and verify that there are only two fields with relative class num-
bers less than or equal to 4: they are Q(‘19) and Q(‘27). These two fields
have relative class number 1. Consequently, there is no imaginary cyclic
number field of degree 2l2 for l5 with relative class numbers less than or
equal to 4. We close this subsection with
Proposition 8. There are exactly two imaginary cyclic number fields of
degree 2l2 with class numbers equal to their genus class numbers, namely,
Q(‘19) and Q(‘27).
Proof. If hN= gN , then l7, hM= gM and h&N =2
rk&1=h&M=hk=gk .
According to [10], when l=3, h&M # [1, 2, 4] if hM= gM . We have verified
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that there are two fields of degree 18 with relative class numbers 4:
Q(‘19) and Q(‘27). Their class numbers and genus class numbers are equal
to 1. When l=5 and 7, by using the result of Section 3.1, h&N =h
&
M=1 or
2 if hN= gN . However, there is no imaginary cyclic number field of degree
50 or 98 with relative class number 2. This ends the proof. K
3.3. The Imaginary Cyclic Number Fields of Degree 2l3
The aim of this subsection is to verify that there is no imaginary cyclic
number field of degree 2l3 for l3 with relative class number 4 or with
class number equal to its genus class number. According to Section 3.2 it
remains us to consider the fields of degree 54. Let N be an imaginary cyclic
number field of degree 54 and conductor fN , M its subfield of degree 18
and L its subfield of degree 6. Note that the cyclic field of conductor 19
cannot be embedded in a cyclic field of degree 27. According to the result
in 3.2, if h&N 4 then M=Q(‘27). In order to get lower bound on h
&
N , we
evaluate explicitly Ress=1(‘M+) for M+=Q(cos 2?27) and use Proposi-
tion 1.(4):
Ress=1(‘M+)62,
Ress=1(‘M+) +M+411,
dN+
d3M+
=
f 18N+ f
6
M+
f 2L+
f 18M+ f
6
L+
=
f 18N+
f 12M+ f
4
L+
and
dN= f 18N f
18
N+
f 6M f
6
M+
f 2L f
2
L+
fk .
Using Proposition 1.(2.b) and Theorem 4 we have
h&N ’N
108 } 3232
(2?)27 e
f 9N
36 log fN+45 log 3
1
Ress=1(‘N+)
,
so that if h&N 4, then fN1500. There are 5 imaginary cyclic number
fields of degree 54 containing Q(‘27). We verify that there is no imaginary
cyclic number field of degree 54 with relative class number 4. We can
conclude that there is no imaginary cyclic number field with class number
equal to its genus number of degree 2li for i3.
4. THE IMAGINARY CYCLIC NUMBER FIELDS OF DEGREE 4LI
4.1. The Imaginary Cyclic Number Fields of Degree 4l
Let N be an imaginary cyclic number field of degree 4l, K the subfield of
degree l, and M its subfield of degree 4. There are 34 imaginary cyclic quar-
tic fields with relative class number less than or equal to 4 and there are
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23 imaginary cyclic quartic fields with class numbers equal to their genus
class numbers ([13] and [27]). We have
fN=lcm( fK , fM), f 2lNdN f
4l&1
N ,
dN dN+= f
2(l&1)
N f
2
M and |N fN2 } 13.
By Proposition 1.(3.a),
if l=3 and h&N 4, then fN120000;
if l=5 and h&N 4, then fN11000;
if l=7 and h&N 4, then fN4700;
if l11 and h&N 4, then fN2300.
When l=3 and 5, the upper bounds on fN are too large. So we reduce
them. We apply again Proposition 1.(4) in the extension N+ M+ . To do
this we have computed Ress=1(‘M+) and Ress=1(‘M+) +M+ for the 16
quadratic subfields which can be embedded in an imaginary quartic cyclic
field with relative number 4. Using Proposition 1.(3.b), (5) and (6) we
obtain
Proposition 9. Let N be an imaginary cyclic number field of degree 4l
for l3 and conductor fN .
If l=3 and h&N 4, then fN9000;
if l=5 and h&N 4, then fN3500;
if l=7 and h&N 4, then fN2300.
In precisely the same fashion as the Section 3.2, we find all fields such
that their conductors are less than or equal to the upper bounds given in
Proposition 9. First, we fix the quartic field. Second, we find all possible
fields of degree l and make the composita of the field of degree l and the
quartic field. There are 1542 imaginary cyclic number fields of degree 12
and conductors 9000; 234 fields of degree 20 and conductors 3500; 69
fields of degree 28 and conductors 2300; 124 fields of degree 44 and
conductors 2300. We compute the relative class numbers of these 1969
fields using generalized Bernoulli numbers:
h&N =
|N
|M
h&M NQ(‘4l )Q \&12 B1, /N+ .
There are six imaginary cyclic number fields of degree 12 with relative class
number 1; no field of degree 12 with relative class number 2 or 3; two fields
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of degree 12 with relative class number 4; one imaginary cyclic number
field of degree 20 with relative class number 1, i.e. Q(‘25); no field of degree
20 with relative class number 2, 3 or 4; no field of degree 4l for l7 with
relative class number 4. These fields are given in Table I. We finish this
subsection with
Proposition 10. There are 7 imaginary cyclic number fields of degree 4l
with class numbers equal to their genus class numbers. Their degrees are less
than or equal to 20 and their class numbers are less than or equal to 3.
Proof. Since N=MK and M & K=Q, we have GN=GM GK . Assume
now that gN=hN . Then h&N =2
t&1=h&M , where t is the number of prime
divisors of fM . According to [13], h&N =h
&
M # [1, 2, 4]. For the nine
imaginary cyclic number fields of degree 4l with relative class numbers 1,
2 and 4 in Table I we have computed the class numbers of the real fields
of degree 6 and 10 and the genus class numbers ([21]). This completes the
proof. K
4.2. The Imaginary Cyclic Number Fields of Degree 4li for i2
We begin with the imaginary cyclic number fields of degree 4l2. Let N be
an imaginary cyclic number fields of degree 4l2 and conductor fN . By
Proposition 1.(3.a),
if l=3 and h&N 4, then fN80000;
if l=5 and h&N 4, then fN6300.
Let L be the subfield of degree 4l of N and let M be the subfield of degree
4 of N. According to the results in Section 4.1 there are only two fields of
degree 12 which can be embedded in a field of degree 36 with relative class
number 4. In order to reduce these upper bounds on fN , we compute
Ress=1(‘L+), where L are the three cyclic fields of degree 4l found in
Section 4.1 such that their subfields of degree l can be embedded in a cyclic
of degree l can be embedded in a cyclic field of degree l2: (l, fL) #
[(3, 37), (3, 45), (5, 25)]. Using Proposition 1.(3.b), (5) and (6) we get:
Proposition 11. Let N be an imaginary cyclic number fields of degree
4l2 and conductor fN .
If l=3 and h&N 4, then fN3200;
If l=5 and h&N 4, then fN800.
There are 32 imaginary cyclic number fields of degree 36 and conductor
3200 which contain one of the two fields of degree 12 with relative class
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number 4; there is one imaginary cyclic number field of degree 100 and
conductor 800 which contains the field Q(‘25). We have computed the
relative class numbers of these 33 fields using generalized Bernoulli num-
bers. We conclude that there is no field with relative class number less than
or equal to 4. Because of the fact that hN= gN implies h&N =h
&
L =2
t&1,
where t is the number of prime divisors of fM , it follows that there is no
field with class number equal to its genus class number. Proposition 2.(1)
and (3) tell us that there is no imaginary cyclic number field of degree 4li
for i2 such that its relative class number is less than or equal to 4 or its
class number is equal to its genus class number.
5. THE IMAGINARY CYCLIC NUMBER FIELDS OF
DEGREE 8LI AND 16LI
We begin with the imaginary cyclic number field of degree 8l. Let N be
an imaginary cyclic number field of degree 8l and let M be its octic subfield.
Note that there are 5 imaginary octic number fields with relative class
number 4 and their conductors are 32, 41, 51, 68, 85 ([27]). In order
to get upper bounds on Ress=1(‘N+) we compute Ress=1(‘M+) and
Ress=1(‘M+) +M+ for the four quartic cyclic fields of conductors 16, 41, 17,
85. The computational results are given in the following table:
fM+ Ress=1(‘M+) Ress=1(‘M+) +M+
16 0.43165245187 6
17 0.39513204756 7
41 0.41213796958 19
85 2.79516546465 39
Using Proposition 1.(3.b), (5) and (6), if h&M4, then
h&N 
22f 2M ’N
(2?)4l e
f 2(l&1)N
(8l&1) log fN
1
Ress=1(‘N+)
.
In particular,
if l=3 and h&N 4, then fN3300;
if l=5 and h&N 4, then fN1600;
if l=7 and h&N 4, then fN1200;
if l11 and h&N 4, then fN1000.
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There are 57 imaginary cyclic number fields of degree 24 and conductor
3300 which contain one of five octic fields; 26 fields of degree 40; 2 fields
of degree 56; 3 fields of degree 88. We compute the relative class
numbers for these 88 fields using the formula
h&N =
|N
|M
h&M NQ(‘8l )Q \&12 B1, /N+ ,
and verify that there is no imaginary cyclic number field of degree 8l with
relative class number less than or equal to 4. In conclusion, there is no
imaginary cyclic number field of degree 8li for i1 with relative class num-
ber less than or equal to 4.
Let us now look for the imaginary cyclic number fields N of degree 8l
with class numbers equal to their genus class numbers. It is known that
there are 4 imaginary cyclic octic number fields with class numbers equal
to their genus class numbers. Their conductors are 32, 41, 51 and 85 and
their relative class numbers are 1 and 2 ([13]). Assume that hN= gN . Then
h&N =h
&
M=2
t&1, where t is the number of prime divisors of fM . Conse-
quently, there is no imaginary cyclic number field of degree 8li such that its
class number is equal to its genus class number. We turn to the fields of
degree 16l j. Before starting the computation, we state that there is only one
imaginary cyclic field of degree 16 with relative class number less than or
equal to 4 and that this field is the unique field with class number equal to
its genus class number: Q(‘17) ([13] and [27]). Let M=Q(‘17) and
M+=Q(cos 2?17). We have
Ress=1(‘M+)13, Ress=1(‘M+) +M+ 66.
By the similar argument as above we obtain the following. If N is an
imaginary cyclic number field of degree 16l and if h&N 4, then the conduc-
tor of N is less than 1300. There are 12 imaginary cyclic number fields of
degree 48 with conductors 1300 containing Q(‘17); 16 fields of degree
80. Computing the relative class numbers of these 28 fields we verify that
there is no imaginary cyclic number field of degree 16l j with relative class
number less than or equal to 4 and that there is no field with class number
equal to its genus class number.
6. THE IMAGINARY CYCLIC NUMBER FIELDS OF DEGREE 2IM
In this section we deal with the imaginary cyclic number fields of degree
2im, where m is an odd integer having at least two distinct prime divisors.
Let m=> pa and let N be an imaginary cyclic number field of degree 2 im.
Then N is the compositum of the imaginary cyclic number field of degree
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TABLE III
[N : Q] f2 f5 f3 h&10 h
&
6 h
&
N gN
30 11 11 7 1 1 16 1
9 1 3 93
31 1 3
19 1 4 3904
43 1 4
3 11 7 1 1 976 1
9 1 1 31
13 1 1 1
31 1 1 1
43 1 1 1
63 1 1 3
63 1 1 3
117 1 1 3
19 1 3
37 1 3
91 1 3
109 1 3
127 1 3
133 1 3
171 1 3
171 1 3
333 1 3
657 1 3
61 1 4
67 1 4
711 1 4
4 11 7 1 1 2896 1
9 1 1 1
19 1 1 1
13 1 3
37 1 3
61 1 3
73 1 3
91 1 3
31 1 4
43 1 4
63 1 4
15 25 9 2 2 5582 2
7 2 2 2
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TABLE IIIContinued
[N : Q] f2 f7 f3 h&14 h
&
6 h
&
N gN
42 43 43 43 1 1 211 1
7 49 7 1 1 43
9 1 1 1
13 1 1 1
63 1 1 3
91 1 1 3
133 1 1 3
217 1 1 3
67 1 3
259 1 3
301 1 3
301 1 3
553 1 3
19 1 4
73 1 4
[N : Q] f2 f5 f9 h&10 h
&
18 h
&
N gN
2 } 5 } 32 3 11 27 1 1 1
[N : Q] f4 f5 f3 h&10 h
&
12 h
&
N gN
22 } 5 } 3 5 25 7 1 1 1
9 1 1 1
13 1 4
Note. For an integer n, h&n and fn denote the relative
class number and the conductor of the subfield of degree n,
respectively. In the column of h&N the blank spaces mean
that h&N >10
4. In the last column we compute the gN for
only the fields such that for every imaginary subfield M of
N with M3 N we have gM=hM
2i and the real cyclic number field of degree pa. If h&N 4, then h
&
M4 for
every subfield M of degree 2ipa. Therefore, in order to find the fields N such
that h&N 4 it suffices to compute the relative class numbers of the
composita of the corresponding fields which are given in Table III. In con-
clusion, there is no field of degree 2im with relative class number less than
or equal to 4. By the similar argument we can prove that there is no field
of degree 2im with class number equal to its genus class number.
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